Abstract. Three aspects of time series are uncertainty (dispersion at a given time scale), scaling (time-scale dependence), and intermittency (inclination to change dynamics).
Introduction. Healthy and heart-failure subjects have been distinguished by various measures of heart rate variability (HRV), including measures of dispersion, scaling exponents, intermittency, and multifractality. These four classes of estimators are related: dispersion is a scale-dependent measure of uncertainty such as the standard deviation, scaling exponents specify how dispersion depends on the time scale, and intermittency and multifractality can be computed from multiple scaling exponents. One of the first estimators of HRV is the standard deviation of the heart rate; it is now wellknown that a low standard deviation is a sign of poor health. West and Goldberger [1] hypothesized that pathology would lead to a narrowing of the power spectrum of the heart rate; this would imply differences in scaling exponents between sick and healthy subjects. Such differences have been confirmed [2] , but certain measures of dispersion appear to discriminate better between the two classes of subjects, especially for shorter time series [3] . For time series that are several hours long, measures of intermittency [4] and multifractality [2] also distinguish subjects with congestive heart failure from healthier subjects. However, the measurement of continuous heart rate data for such a long time is often impractical clinically since it either requires that the patients are bedridden and attached to hospital monitors, or that they wear expensive ambulatory monitors, as in Ref. 2. Many research protocols also limit the duration of monitoring: the heart rate data of Ref. [5] and of this Letter could only be collected while the nurse researchers were physically present. In addition, heart rate records that are freely available tend to be short; the public records from www.physionet.org that were analyzed in Ref. [6] are each only 30 minutes long. In this Letter, methods for estimating the dispersion, scaling exponents, and intermittency that apply to short physiological records as well as long ones are proposed and evaluated; these methods can also be used to describe other fractal time series. The method of multifractality quantification of Ref. 2 is not treated herein since it is computationally less efficient, requiring the estimation of many scaling exponents, and since it is probably inappropriate for short time series.
The qth power deviation of a time series x 1 , x 2 ,x 3 ,...
(
) is defined as
where k is the positive integer scale and q is the positive real order. [2, 3] , but the time series considered herein are short enough that x i+1 − x i can be assumed to be stationary. Further, wavelet-based estimates have higher variances [8] , which aggravate the uncertainty already inherent in estimates from short time series, so the simpler estimator based on the standard structure function is used in this Letter.
Even so, the proposed preprocessing techniques can also be applied before computing wavelet-based estimates of dispersion, scaling, and intermittency when such estimates are appropriate. The generalized Hurst exponent, H q ( ) , is the scaling exponent defined
and is estimated as the slope of the line that best fits a plot of logσ k q ( ) versus log k for some values of k; H q ( ) was used in Ref. [9] . In general, 0 ≤ H q ( ) ≤ 1 and, for a random walk that is the integral of Gaussian, uncorrelated noise,
Since H q ( ) is also independent of q for other non-intermittent processes, the intermittency of the time series can be quantified by a normalized difference in generalized Hurst exponents,
called the finite-difference intermittency; the normalization factor ensures that ( ) is a measure of the intermittency of stationary point processes, with applications to DNA composition and to muscle activity [10] .
Smoothing. High-frequency noise is often removed from time series before the estimation of parameters of interest; for example, Wang [11] used wavelet shrinkage to remove noise from a time series before estimating scaling exponents. A simpler and more common technique for reducing noise is the moving average, which smooths the data. values that can make the estimator unbounded [12] . For example, the mean of m values has a breakdown point of 1 m since, given any bound, the mean will be higher than that bound if one of the values is replaced by a sufficiently high value. The median, on the other hand, has an asymptotic breakdown point of 50%: at least half of the values must be replaced by outliers to move the median past any bound. (Other estimators of location, including certain estimators of the mode [13, 14] , also have breakdown points of 50%, but these estimators are not as easily computed as the median.) The high breakdown point of the median implies that the moving median is highly resistant to outliers [15] , whereas the moving average is very sensitive to outliers.
That the moving median is more resistant to outliers than the moving average does not imply the superiority of the former for observed data since what appear to be outliers may represent important aspects of the dynamics of the process. In addition, for m observations drawn independently from a normal distribution of standard deviation σ , the standard deviation of estimates of the mean is asymptotically σ m , lower than that of the estimates of the median, σ π 2m ≈ 1.253σ m , as m → ∞ [16] . Thus, the m-point moving average is more effective than the m-point moving median in removing high-frequency white noise, reducing its standard deviation by a factor of approximately m , rather than only m 1.253. For most nonlinear systems, data cannot be neatly decomposed into signal, noise, and outliers, and the applicability of one smoothing function over another depends on the particular data set and the properties to be estimated. Consequently, I use heart rate data to compare the performance of both methods of smoothing in estimating dispersion, scaling exponents, and intermittency.
The moving average and moving median techniques obviate more complicated outlier-detection steps that are heart-rate-specific, such as those used in Ref. [2] , and have been tested and optimized, as described below. Scaling in data can also be quantified in the presence of outliers by generating a sequence of symbols from continuous data [17] , but the loss of information involved in that method precludes the estimation of intermittency.
Application to heart rate data. The proposed methods of fractal time-series analysis were applied to the times between successive heart beats, called interbeat intervals (IBIs), for 23 "stroke" subjects who have had a stroke and who have ischemic or hemorrhagic brain disease and for 23 "cardiac" subjects who have angina or ischemic heart disease, while they were at rest for about 8 minutes (a mean of 297 IBIs per subject). Originally, 24 stroke and 25 cardiac Japanese participants over the age of 60, with roughly equal numbers of males and females, had been recruited for measurement, but 3 were eliminated due to equipment failure or the possibility that a subject was not at rest (calling into question the assumption of stationary increments). To correct for the effect of different mean heart rates on dispersion estimates, each IBI was divided by the mean of all IBIs for that subject before applying the above analyses. This normalization 
( ), and χ 1,2 ( ) using linear regression, as displayed in Fig.   2 . The means of estimates of σ 1 1 2
( ), and χ 1,2 ( ) are given in Tables 1-2; these four measures were chosen from the others for their superior ability to distinguish heart and stroke subjects, as will be seen.
Thirteen of the measures were used to classify each subject as negative (cardiac) or positive (stroke):
( ), and χ 1,2 ( ) . (These measures were selected such that q=1/2, q=1, and q=2 since σ k 2 ( ) is a standard deviation of increments, since H 1 ( ) is related to a fractal dimension and is a measure of nonstationarity [9] , since H 2 ( ) is related to the exponent of the power spectrum [9] , and since χ 1 2,1 ( ) and χ 1,2 ( ) perform well in simulations [18] . I used σ 1 q ( ) because it is computed from the first difference of the time series and I used σ 4 q ( ) and σ 32 q ( ) because second-order dispersions at scales of 4 intervals [19] and 32 intervals [3] effectively discriminate between heart failure and healthy subjects for long time series. If an estimate of σ k q ( ) was less than or equal to a threshold, a positive (stroke) classification was made, but if the estimate was greater than the threshold, a negative (cardiac) classification was made.
On the other hand, if an estimate of H q ( ) or χ q 1 ,q 2 ( ) was greater than or equal to a threshold, a positive classification was made, but if the estimate was less than the threshold, a negative classification was made. Changing the threshold changes both the true-positive rate (the proportion of stroke subjects correctly classified as stroke subjects) and the false-positive rate (the proportion of cardiac subjects incorrectly classified as stroke subjects), so that the true-positive rate can be plotted as a function of the false-positive rate for each estimator. The area under this curve (AUC) is a nonparametric measure of how well a measure distinguishes two groups [20] and provides a reliable way to judge time-series estimators [3, 18] ; AUC is 0 if everything is classified incorrectly, 1 if everything is classified correctly, and 1/2 if the estimator classifies as well as chance. Table 3 and Fig. 3 report the AUCs for both estimators of intermittency and for the dispersion and scaling estimators with the highest AUCs. ( ) is preferred since it has been studied by simulation and applied to heart rate and stock market data [6] . The moving average gives the intermittency measures much greater performance than does the moving median, but the particular filter used has little effect on the performance of the dispersions and scaling exponents. The poorer performance of intermittency with the moving median may be due to an artificial inflation of intermittency estimates, as Tables 1-2 ( ) estimates are about equal for the moving average and moving median within each subject group, the differences in the means of χ 1,2 ( ) estimates between the heart and stroke groups are much higher for the moving average than for the moving median. Thus, the higher performance of the moving average results from a greater difference in estimated intermittency between the cardiac and stroke groups, not from a smaller variability in the estimates. It appears that the moving median significantly misrepresents the intermittency inherent in the dynamics, rather than merely minimizing the effects of outlying artifacts that are external to the system. However, the moving median might be appropriate in data sets that are corrupted with extreme measurement errors. Alternatively, this kind of contamination may instead call for methods of outlier rejection, such as the application of an m-point moving mode using an outlier-proof estimator of the mode like that of Ref. [13] . That estimator has a lower bias and variance than the median when the proportion of outliers is high [14] .
It is evident from Fig. 3a that they are based on some of the best estimates.) That dispersion, a scale-dependent measure, performs better than scale-free scaling exponents has been shown previously [3] , but the superior performance of the scale-free intermittency over the scaling exponent is a new result. This result is consistent with the theory behind finitedifference intermittency estimation, that the difference between two scaling exponents has information not present in either scaling exponent considered by itself [4] . As with longer time series, the group with a higher intermittency has a lower dispersion [4] . The scaling exponent may perform much better for longer time series than for shorter time series since it is much more sensitive to the record length than the dispersion: a study that distinguishes heart-failure patients from healthy subjects indicates that changing the number of interbeat intervals from 100 to 100,000 increases the AUC of a scaling exponent by 0.3, but only increases the AUC of a dispersion estimator by 0.06 [3] .
Care must be exercised in interpreting estimates of dispersion, scaling, and intermittency since smoothing introduces a bias in parameter estimation. However, this bias poses no more of a problem to comparative studies than does the bias in the estimation of scaling exponents due to the finite size of observed time series. In each case, bias is handled by taking advantage of the fact that time series that are realizations of the same stochastic process will have equal biases, so that the expectation value of the difference in biased estimates is equal to the difference in the estimated parameters.
For example, to determine whether a time series can be considered a random walk, the estimate of H 2 ( ) should not be compared to 1/2, the value of H 2 ( ) for a random walk, since the estimate is biased and its expectation value is not 1/2. The estimate should instead be compared to estimates of H 2 ( ) from simulated random walks of the same length as the time series since such estimates will have the same bias [5] . Likewise, the stroke and cardiac subjects can be compared using biased estimates of the parameters since, if there is no difference in the heart rate dynamics between the two groups, then their biases, being equal, will cancel. That there are notable differences in the dispersion and intermittency estimates between these two groups is evidence that the heart rate dynamics differs for cardiac and stroke subjects.
Based on the results of this study, it is hypothesized that, after applying a 5-point moving average, σ 1 1 2 [21] and for preterm neonates [5] than for younger adults, heart rate patterns depend on age and different window sizes may better quantify HRV for different ages.
This notwithstanding, Fig. 3a shows that the performances of σ 1 1 2 ( ) and χ 1,2 ( ) are not very sensitive to the choice of m, so that reliable results can be obtained using any of a number of different window widths.
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